ABSTRACT. Shearing of subglacial till has been invoked widely as a mechanism of glacier motion and sediment transport, but standard indicators for determining shear strain from the geologic record are not adequate for estimating the very high strains required of the bed-deformation model. Here we describe a laboratory study of mixing between shearing granular layers that allows an upper limit to be placed on bed shear strain in the vicinity of till contacts. Owing to random vertical motions of particles induced by shearing, mixing can be modeled as a linearly diffusive process, and so can be characterized with a single mixing coefficient, D. Ring-shear experiments with equigranular beads and lithologically distinct tills provide the value of D, although in experiments with till D decreases systematically with strain to a minimum value of 0.0045 mm 2 . Kinetic gas theory provides an estimate of the dimensionless mixing coefficient which is within an order of magnitude of laboratory values. Knowing the minimum value of D, the distribution of index lithologies measured across till contacts in the geologic record can be used to estimate the maximum shear strain that has occurred across till contacts. Application of this technique to the contact between the Des Moines and Superior Lobe tills in east-central Minnesota, U.S.A., indicates that shear strain did not exceed 15 000 at the depth of the contact.
INTRODUCTION
Pervasive deformation of water-saturated subglacial till has been suggested as the primary mechanism of glacier motion and sediment transport (Alley, 1991; Clark, 1994; others, 1995, 1996; Boulton, 1996; Clark and others, 1996; Hooke and ElverhÖi, 1996; Dowdeswell and Siegert, 1999) . This process may have occurred beneath the southern margin of the Laurentide ice sheet, where laterally extensive sheets of generally fine-grained till overlie bedrock (e.g. Clark and Walder, 1994; Clark, 1997) . Many field studies of Pleistocene tills have attempted to establish sedimentological criteria for deformation (e.g. Hicock and Dreimanis, 1992; Menzies and Maltman, 1992; Hart, 1994 Hart, , 1997 Hart and Roberts, 1994) . Convincing observations from some of these studies include microstructural rotational features and shear bands (Van der Meer,1993 Menzies and others,1997) , folds and boudinage (Hart and Boulton, 1991; Hart and Roberts, 1994) , grain fracturing (Hiemstra and van der Meer, 1997) and deformed pods of sorted sediment incorporated within basal tills (Hart,1995; Piotrowski and Kraus,1997) . These features, however, either do not provide a quantitative means of estimating shear strain or should be obliterated at the high shear strains required of the bed-deformation model.
It is important to keep in mind the very high shear strains that should result from glacier motion accommodated primarily by bed deformation. For example, if we consider an ice sheet that moves at its base at a speed of 400 m a^1 and shears its bed to 5 m depth for 1000 years, the resultant shear strain, averaged over the deforming-till thickness, would be 80 000. Thus, efforts to distinguish moderate strains from very high strains in the bed are important.
Efforts have recently been made to determine if the alignment of gravel-sized clasts in till can be used to estimate strain magnitude (Hooyer and Iverson, 2000) . The results of laboratory experiments indicate that strong fabrics develop in the direction of shearing at relatively small shear strains (1^2) and remain strong at progressively higher strains. Thus, although useful in determining whether a till has been deformed to a strain larger than $1.0, this method cannot be used to identify tills sheared to the very high strains required to account for significant glacier motion.
One sedimentological characteristic that has been used as evidence both for and against deformation is the visually sharp contact that is often observed between basal till units and underlying sediment. Kemmis (1981) and Clayton and others (1989) argued that pervasive deformation would cause mixing, thereby resulting in a gradational contact. In contrast, Alley (1991) suggested that sharp contacts might be the result of deformation. He suggested that, owing to the expected downward increase in effective pressure (the difference between the total normal stress and pore-water pressure), till at some critical depth would shear too slowly to maintain its high porosity, and thus compact, strengthen, and stop shearing.This effect might result in a sharp contact between the upper deforming layer and underlying rigid layer and could, if provenance changed, superpose tills of different compositions.
This study focuses on mixing between lithologically dis-tinct tills and other more ideal granular materials undergoing slow, steady, bed-parallel shearing. Our approach is to use a rotary device that shears granular materials to various strains under conditions similar to those beneath modern glaciers. The results indicate that mixing between granular layers, including tills, is proportional to the cumulative strain and can be modeled as a diffusive process. Consequently, the extent of mixing across a stratigraphic contact provides a useful constraint on shear strain in the vicinity of the contact. The method is illustrated by applying it to two tills in stratigraphic contact in east-central Minnesota, U.S.A.
THEORY
During shearing of a granular material, grains climb over adjacent grains and fall into void spaces, and thus most grains at any instant have a component of their motion normal to the shearing direction. This is true regardless of whether the material expands, contracts or maintains a steady volume during shearing. If these grain motions are essentially random, then diffusive transport of grains normal to the shearing direction is expected. Consider two granular layers of combined thickness h in a section oriented normal to the shearing direction, where z is the distance from the top of the shear zone (Fig.1a) . Define an index lithology that is significantly more abundant in one layer than the other. The dimensionless concentration of this lithology C is defined as the number of index grains divided by the total number of grains. If during shearing the vertical flux of index grains associated with mixing scales linearly with @C=@z, then
where D is a mixing coefficient and is shear strain. This is Fick's second law written in terms of , rather than time. Consequently, D has the dimensions m 2 . If C 1 and C 2 are the initial dimensionless concentrations of the index lithology in the upper and lower layers, respectively, z 0 is the position of the contact between the two layers and there is no flux out of the shear zone, then appropriate initial and boundary conditions are as follows:
C C 1 for 0 < z < z 0 ; 0 ; C C 2 for z 0 < z < h; 0; 2 @C @z 0 for z 0; > 0 ;
there is downward diffusion of the index lithology, and the solution to Equation (1) is Shackelford,1991) . Figure 1b illustrates solutions for several values of . The approach taken here is to determine D by measuring mixing between two till layers in ring-shear tests in which all other variables in Equation (4) are known. Variations in the concentration of index lithologies across till contacts in the field can then, in principle, be used to constrain the value of .
APPARATUS
Our ring-shear device ( Fig. 2a) shears an annular sediment specimen at a constant rate between horizontal, parallel platens others, 1997, 1998) . A steady stress is applied normal to the shearing direction. The rotary design of the device allows experiments to be carried out to high shear strains, and its transparent outer walls allow mixing at the outer edge of the specimen to be observed continuously during shearing. In addition, the device is sufficiently large to accommodate till specimens with gravel-size clasts. The sediment specimen occupies an annular chamber that has an outside diameter of 0.6 m, a width of 0.115 m and a height of 0.085 m (Fig. 2b) . Both the upper and lower platens contain teeth (not shown), 6 mm high, that grip the specimen during shearing. These platens are permeable and connected to an internal water reservoir that is open to the atmosphere. The lower platen is connected to a thick base plate, and the sediment is sheared by rotating this plate with a variablespeed motor and gearboxes. The upper platen is attached to a thick aluminum plate, called the normal-load plate, that is fixed rotationally by two diametrically opposed load cells secured to the frame of the device. The normal-load plate can move freely up or down if the specimen thickness changes during shearing. A downward force is applied to this plate and transferred to the specimen with dead weights suspended on a hanger attached to the end of a lever arm.The specimen is confined on its sides by stationary upper walls and by lower walls connected to the base plate. Thus, the lower walls slide beneath the upper walls during shearing (Fig. 2b) .
METHODOLOGY
Mixing experiments were performed with two sets of materials: spherical glass beads of uniform size (0.8 mm in diameter) but different color, and two late Wisconsin-age tills with distinct lithologies. Initial experiments with beads provided simple tests of whether mixing can be modeled successfully as a diffusive process. Subsequent experiments were with tills from east-central Minnesota: the red Superior Lobe till and the gray Des Moines Lobe basal till. The latter directly overlies the former and was deposited by the Grantsburg Sublobe, a northeastern arm of the Des Moines Lobe of the Laurentide ice sheet. The tills have similar grain-size distributions (Fig. 3) , although the Des Moines Lobe till (16% clay, 36% silt, 40% sand and 8% gravel) is somewhat finer-grained than the Superior Lobe till (12% clay, 31% silt, 51% sand and 6% gravel). The Des Moines Lobe till was deposited by ice that advanced from the northwest, and is enriched in Cretaceous shale and Paleozoic carbonates. The Superior Lobe advanced from the northeast out of the Lake Superior basin and deposited a till that is devoid of shale and relatively enriched in Precambrian igneous rocks and Cambrian sandstone (Chernicoff,1983) .
In each of four experiments with beads, a 35^40 mm thick layer of red beads is placed inside the sample chamber. The top of this layer is smoothed, and a second layer of white beads, similar in thickness, is added, forming a sharp, relatively smooth contact between the two layers ( Fig. 4a ). Vertical columns of displacement markers, spherical wooden beads 2^4 mm in diameter, are then placed across the width of the specimen to assess the distribution of shear strain. A normal stress of 85 kPa is then applied, and the specimen is sheared at a steady rate of 365 m a^1 to a predetermined displacement. These values are similar to those of some glaciers, if normal stress and shearing rate are equated with the effective normal stress on the bed and the rate of basal motion, respectively. The experiments were performed dry, although the behavior of granular materials, including beads, is not expected to be different under water-saturated, fully drained conditions (Lambe and Whitman,1969, p.304) . After shearing is complete, the device is disassembled, and the locations of the displacement markers are measured. At two locations within the chamber, bead samples are collected at approximately 1mm intervals through the thickness of the specimen to document mixing ( The procedure in the till experiments is similar to that of the bead experiments except that the till layers are fully saturated with water upon application of the normal load, and consolidation is allowed to occur prior to shearing. In addition, all clasts larger than 8 mm are removed from both tills in accordance with geotechnical testing procedures outlined by Head (1989, p. 83) . These clasts represent approximately 2.0% and 1.2% of the Des Moines and Superior Lobe tills by volume, respectively. The Superior Lobe till is then placed in the sample chamber beneath the Des Moines Lobe till. As in the bead experiments, the contact between the two tills is made as smooth and sharp as possible, and vertical columns of displacement markers are inserted in the till to assess the distribution of shear strain at the ends of experiments. After an experiment is complete, two blocks of intact till are removed from the chamber, and a guided metal scraper is used to collect samples at 1mm intervals. Each sample is then wet-sieved to separate the 0.4^1.0 mm grainsize fraction. These grains are large enough to identify easily, but small enough to provide a large sample (150^500) for identification.
To quantify mixing in the till experiments, a suitable index lithology must be selected. Shale is a good choice due to its abundance in the Des Moines Lobe till and its absence in the Superior Lobe till. The mean shale content of the Des Moines Lobe till in the 0.4^1.0 mm grain-size fraction is 9^12%. A binocular microscope is used to identify and count shale grains and the total number of grains in each sample.
Equation (4) is fit to mixing profiles from both the bead and till experiments, considering only its first 25 terms, to determine the mixing coefficient, D. Other variables in Equation (4) are well constrained.The thickness of the shear zone and the total shear strain are determined from the final locations of the displacement markers. Note that as boundary conditions, Equations (3) apply because there will not be transport of sediment outside the upper and lower boundaries of the shear zone. The initial concentrations of shale in the two tills (C 1 and C 2 ) are determined from grain counts of till samples collected prior to shearing and from undeformed portions of the specimen after shearing. Although the height of the initial contact, z 0 , is measured prior to shearing, the measurement does not account for small undulations in the initial contact and changes in specimen thickness that occur during consolidation and shearing. Therefore, z 0 is determined from the resulting mixing profiles as the height at which the dimensionless white bead or shale concentration equals 0.5. D is determined by minimizing the sum of the residuals between the modeled and observed concentration data. The goodness of fit of the model prediction to the data is evaluated using the coefficient of determination, r 2 , calculated in the usual way (Steel and others, 1997) . One to three D values, each corresponding to a different sampling location, are determined for each experiment. A mean value of D and a 95% confidence interval are determined from these values if there was more than one sampling location, as was the case in most experiments.
RESULTS

Strain distribution
To determine D, the distribution of strain needs to be documented. The final locations of displacement markers near the center of the specimen in representative bead and till experiments are shown in Figure 5a . In both materials, the shear zone is always sandwiched between zones of negligible deformation where there is no detectable relative displacement between markers.These zones of negligible deformation form due to friction between the specimen and the walls (Iverson and others, 1997) . The shear zones vary slightly in vertical position, and their thickness is 22^32.5 mm in the beads and 28^41mm in the till. Shear strains are calculated using the shear-zone thickness and the total displacement of the lower platen at the specimen center line. Strain across the shear zones is linearly distributed approximately (Fig.  5a ). This cannot be documented in tests carried out to higher strains, because in such tests the lower platen completes more than one revolution, so the number of complete revolutions by any one marker in the shear zone is equivocal. Nevertheless, in such tests the shear-zone thickness can be determined from markers excavated above and below the shear zone ( Fig. 5b ; see also Hooyer,1999) .
The shear-zone thickness decreases slightly across the width of both the bead and till specimens from the sample center line to the outer walls (Fig. 6) . Thus, all samples used to establish the mixing profiles were collected over a 30^40 mm wide area in the middle of the specimen where the shear-zone thickness was essentially uniform.
Mixing
The mixing profiles for the bead and till experiments are presented in Figures 7 and 8 
DISCUSSION
Laboratory results
These experiments demonstrate that mixing occurs between adjacent layers of granular material as they are sheared slowly, and that this mixing can be modeled as a one-dimensional diffusive process. As noted earlier, this implies that the vertical component of particle motion is essentially random and that the associated flux of particles is proportional to the concentration gradient of a particular index lithology. D Ã values from the bead experiments vary through less than an order of magnitude and do not vary systematically with strain, but those from the till experiments vary through a factor of 27 and decrease with strain. This implies that either diffusion of particles in the till is fundamentally non-linear, or some condition of the theory was imperfectly satisfied during the till experiments.
There are two possible explanations for the decrease in D Ã with strain in the till experiments that do not involve non-linear diffusion. First, the sharp contact between the two tills may become irregular if consolidation prior to shearing is non-uniform. An irregular initial contact would result in artificially large D Ã values in experiments terminated at low strains. In experiments carried out to higher strains, the apparent mixing resulting from an irregular contact would be a smaller fraction of the total mixing, so D Ã values calculated from such experiments would be smaller and would more accurately reflect the diffusive particle flux. A second possibility is that at large strains deformation becomes focused high in the shear zone, as was observed in experiments by Mandl and others (1977) on various granular materials with a similar ring-shear device.This would lead to artificially low D Ã values at high strains because till at greater depths in the shear zone where mixing occurs would be (4) to the data, as indicated. In experiment 3, three sampling locations were combined into one profile due to difficulties with bead identification caused by the removal of the beads'colored surface coating during shearing.
Journal of Glaciology subjected to a smaller cumulative strain than that used in the determination of D Ã . This possibility cannot be ruled out, because the uniformity of strain across the shear zones can be verified only at low strains (Fig. 5) .
Despite the vastly different grain-size distributions of the beads and till, average D Ã values for the two materials differ by only 30%. Apparently, the ensemble average of vertical particle motions induced by shearing was not greatly differ- ent in the two materials. In addition, the till did not undergo detectable percolation (Scott and Bridgwater, 1976; Stephens and Bridgwater, 1978; Bridgwater and others, 1985; Savage, 1987) , the process by which smaller particles move down through void spaces created by a network of larger particles during shearing. Percolation was not important in our experiments because 480% of till particles were smaller than the 0.4^1.0 mm shale grains that were counted to establish the mixing profiles. These shale grains, therefore, were surrounded by predominantly smaller particles, and thus void spaces large enough to allow their percolation were probably rare. Furthermore, if percolation of shale particles did occur, till mixing profiles should have displayed systematic asymmetry. No such asymmetry was observed.
Values of D Ã indicated by our experiments are similar to those determined by others (Scott and Bridgwater, 1976; Stephens and Bridgwater, 1978; Bridgwater, 1980) . In the experiments of Scott and Bridgwater (1976) , a simple-shear apparatus was used to study the mixing between two layers of spheres of different color undergoing shear. Stephens and Bridgwater (1978) conducted a similar experiment with an annular shear device. The equivalent mean D Ã values from these studies were 0.022^0.055 and fall within the range of values determined from our bead and till experiments ( Table 2) .
The similarity between D Ã values from these studies and those from our experiments is significant because these studies were carried out at much higher strain rates (0.1613 .8 s^1) and lower normal stresses (1.36^3.42 kPa). To quantify the difference in momentum exchange and friction between these laboratory studies and our experiments, we calculated Savage numbers (see Iverson,1997) , the ratio of inertial shear stress associated with grain collisions to the quasi-static shear stress associated with grain friction. Savage numbers from our experiments were at least eight orders of magnitude smaller than those calculated for natural and experimental debris flows (Iverson,1997) and from laboratory experiments (Scott and Bridgwater, 1976; Stephens and Bridgwater, 1978 The D Ã values determined from our experiments are also similar to those calculated using kinetic gas theory. Kinetic theory has been used extensively to model granular flows (Savage and Jeffery, 1981; Jenkins and Savage, 1983; Lun and others, 1984; Hsiau and Hunt, 1993; Savage, 1993) because of their similarities to the flow of gases and dense fluids at the molecular level. Particles in a shearing granular material are in an agitated state of motion and experience frequent collisions with surrounding particles. If the velocity of individual particles after a collision is u, and the average velocity of all particles is c, then a quantity called the granular temperature, T, can be defined for uniform simple shear:
where C is the average difference between c and u (Lun and others, 1984) . Knowing the diameter of the particles, and the coefficient of restitution, e, that characterizes the elasticity of the particle collisions, then the diffusivity determined from kinetic theory, D k , is
where g 0 , the so-called radial-distribution function, represents the velocity distribution of particles in contact with each other (Hsiau and Hunt, 1993; Savage, 1993 ). An empirical approximation of g 0 is given by Carnahan and Starling (1969) :
where v is the bulk solid fraction of the granular material during shearing (1^porosity). The parameters used to calculate values of D k are presented in Table 3 . A reasonable upper bound for u in our experiments is the displacement rate of the rotating lower platen, and a reasonable value for c is one-half the displacement rate of the lower platen. Data and analysis presented by Lun and Savage (1986) suggest that e approaches 1.0 if the impact velocity between particles is small, as in our experiments. Thus, 0.85 < e < 1.0 is assumed. The measured bulk density is used to determine v. To facilitate comparison with our laboratory results, values of D k are changed to their dimensionless equivalent, 
by dividing by the square of the particle size and by the shear strain rate.
Values of dimensionless diffusive coefficients indicated by kinetic gas theory and those determined in our experiments agree to within an order of magnitude (Table 3) , which is perhaps surprising in light of the uncertainty in estimating u and the granular temperature. The ranges of D k Ã reported result from the ranges of e and v considered. Agreement is best in the bead experiments, as might be expected since the theory is strictly appropriate for only equigranular materials.
Implications for field studies
The agreement of mixing coefficients determined in our experiments with both those of other experiments and those predicted by kinetic theory provides motivation for applying these coefficients to basal tills of the geologic record, with the goal of estimating bed shear strain. More specifically, if it is assumed a priori that mixing at contacts between till units is the result of bed deformation, then the appropriate solution to the diffusion equation (Equation (1)) can be used to estimate from measured mixing profiles by using laboratory values of D. Here we present an example of the method applied to the contact between the Des Moines Lobe and Superior Lobe tills in east-central Minnesota.
A mixing profile (Fig.10) was measured across the contact between these tills at a gravel pit approximately 20 km north of St Paul, Minnesota. At this location, till of the Superior Lobe is overlain by a thickness of approximately 2^3 m of basal till deposited by the Grantsburg Sublobe of the Des Moines Lobe. Samples were collected at 1^2 mm increments over a 2 m thick section centered at the visual contact between the two tills. The vertical location of each sample was measured with a point gauge anchored at the top of the section. Each sample was then wet-sieved in the laboratory to isolate the 0.4^1.0 mm size fraction. This fraction was split multiple times to obtain approximately 300^500 grains. Grains of shale, the selected index lithology, were then identified. These grains, as well as the total number of grains, were counted to establish a mixing profile.
The profile shows that mixing occurred between the two tills over a thickness of 40 mm, and that it was symmetric about the visual contact between the tills (Fig. 10) . A good simplification, owing to the small thickness over which mixing occurred, is that the contact was positioned in till thick enough relative to the zone of mixing to be considered infinite. The solution to Equation (1) then reduces to Crank, 1975, p.12) , where z c is defined as the distance from the contact. Using D 0.0045 mm 2 , the minimum value determined in our laboratory experiments, the best fit of Equation (8) to the field data using the method of least squares results in 15 000.
This estimate of is a maximum value, not only because a minimum value of D was used, but also because an initially smooth contact between the two till units is assumed in the calculation. An initially irregular contact would result in more apparent mixing at lower strains and thus would reduce the calculated value of . The contact between these tills is, indeed, locally irregular (Chernicoff, 1983) , although it is impossible to know its original geometry.We thus make no attempt to place a lower limit on shear strain across the contact. This is also warranted because we cannot rule out the possibility that mixing occurred by some other mechanism, such as by the plowing of clasts that may accompany accretion of lodgment till. An important assumption of this method in that deformation was uniform across the contact. It is possible, however, that the underlying Superior Lobe till was overconsolidated when the Des Moines Lobe advanced over it and, hence, that it was stronger than the overlying till deposited by the Des Moines Lobe. This might have tended to focus strain in the upper till and to thereby impede mixing, resulting in an underestimate of near the contact. If this had been the case, however, asymmetry would be expected in the mixing profile. No such asymmetry is apparent in Figure 10 , and thus there is no evidence from the mixing profile that deformation across the contact was non-uniform. This is not surprising. All that would be required to initiate deformation of the lower till would be a period of sufficiently low effective pressure caused by high pore-water pressure. Since water pressure may vary through orders of magnitude beneath glaciers, and sediment strengthening from overconsolidation is at most about 35% (compare ultimate and peak friction angles in Lambe and Whitman, 1969, p.149) , under some conditions both the upper and lower tills likely deformed. Dilation of the lower till during such periods would, after fairly small strains (Lambe and Whitman,1969, p.131) , increase its porosity to a steady (critical-state) value comparable to that of the overlying till. Therefore, if the Superior Lobe till was overconsolidated and hence unusually strong when overridden by the Des Moines Lobe, it probably did not remain overconsolidated very long.
Several other potential sources of uncertainty are likely minor. The first of these is whether small-scale, experimental D values can be applied to larger-scale shear zones in the field. The principal concern is whether the removal of large clasts from till in the experiments affects mixing. Since these clasts constitute 52% of the till by volume, this is unlikely. Comminution of the index lithology with shear strain may also introduce uncertainty. Comminution, however, should have influenced mixing profiles only if deformation, and hence comminution, were not uniform with depth. Then, for example, more of the 0.4^1.0 mm size fraction might be lost at one depth than would be lost at another. As noted earlier, however, the mixing profiles provide no evidence of nonuniform deformation, as indicated by the good fit of the diffusion model to the field data. A final uncertainty arises from the potential influences of effective stress and shear strain rate on mixing, which may vary widely subglacially. As noted earlier, the similarity of our D Ã values to those of other studies conducted at much different stresses and rates (Scott and Bridgwater,1976; Stephens and Bridgwater,1978) indicates that variations in these parameters are relatively unimportant.
Finally, a limitation of the method is that it can be used to estimate shear strain only near contacts between till units. Strain that may have occurred above or below contacts will obviously not contribute to mixing between tills. All indicators of strain in sediment and rocks are, of course, subject to this same limitation: strain can be estimated only where there are markers for doing so.
CONCLUSIONS
Diffusive mixing occurs between two layers of granular material undergoing simple shear parallel to their contact, and ring-shear experiments provide the value of the only fitted parameter in the linear theory that describes such mixing: the mixing coefficient, D. The value of D decreased with strain in experiments with till, due either to an irregular initial contact or to the focusing of deformation away from the contact at high strains. Dimensionless values of D determined in these experiments are comparable to those determined in other experiments conducted at different strain rates and effective stresses (e.g. Stephens and Bridgwater, 1978) , and kinetic theory provides an estimate of the dimensionless mixing coefficient that is within an order of magnitude of laboratory values.
The laboratory determination of D allows an upper limit to be placed on bed shear strain from the distribution of index lithologies measured across till contacts in the field. A preliminary application of this technique at one field site, where the contact between the Des Moines Lobe and Superior Lobe till is exposed, indicates a maximum shear strain of 15 000 at the depth of the contact. Such information cannot be inferred from conventional strain indicators in till, which either stop changing at low strains (e.g. clast fabric) or are obliterated if strain becomes too large.
